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Abstract 

We classify all the supersymmetric configurations of ungauged N = 2,d = 4: su- 
pergravity coupled to n vector multiplets and determine under which conditions they 
are also classical solutions of the equations of motion. The supersymmetric configu- 
rations fall into two classes, depending on the timelike or null nature of the Killing 
vector constructed from Killing spinor bilinears. The timelike class configurations are 
essentially the ones found by Behrndt, Liist and Sabra, which exhaust this class and 
are the ones that include supersymmetric black holes. The null class configurations 
include pp- waves and cosmic strings. 
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1 Introduction and main results 



Classical supersymmetric solutions of supergravity theories play a key role in many of the 
recent developments in string theory, provide vacua, on which the theory can be quantized 
and may be interesting for phenomenology, and objects that live in those vacua such as 
p-branes, black holes etc. Therefore, the amount of effort that is being devoted to the 
classification of supersymmetric solutions of supergravity theories, both in higher [Tj-[T7j 
and lower JH]-|2E] dimensions, can hardly be called a surprise. 

N = 2,d = 4 supergravities, the cases under consideration, are particularly interesting 
theories: they are simple enough to be manageable and yet rich enough in structure, 
duality symmetries, interesting solutions and phenomena. Many, but not all, of them are 
also related to low-energy limit of Calabi-Yau compactifications of 10-dimensional type II 
superstring theories. There is a very extensive literature on these theories^ but, except for 
the simplest cases of pure gauged and ungauged supergravity [2H1 IIHI , and for black-hole 
type solutions,^ there have been no systematic attempts to classify all their supersymmetric 
solutions. In this work we start filling this gap by classifying all the supersymmetric 
configurations and solutions in the next-to-simplest case, namely pure supergravity coupled 
to n vector super mult iplets whose supersymmetric black-hole solutions have been studied 
intensively in the not so remote past. This work should also lay the groundwork for the 
more complicated cases we intend to study next. 

In this work we use the method of Ref. consisting in finding differential and alge- 
braic equations satisfied by the tensors that can be built as bilinears of the Killing spinor, 
whose existence we assume from the onset. We then derive consistency conditions for these 
equations to admit solutions and determine necessary conditions for the backgrounds to 
be supersymmetric. Subsequently we show that the conditions are also sufficient, meaning 
that we have identified all the supersymmetric configurations of the theory. Finally we 
impose the equations of motion in order to find the supersymmetric solutions. Throughout 
this work we stress the difference between generic supersymmetric field configurations and 
classical solutions of the equations of motion. We will also make use of the Killing spinor 
identities, derived in Refs. IH4j . to minimize the number of independent equations of 
motion that need to be checked explicitly in order to prove that a given supersymmetric 
configuration is a solution. 

Let us briefly describe our results: the supersymmetric solutions of = 2, c? = 4 
supergravity coupled to n vector supermultiplets belong to two main classes: 

1. Those with a timelike Killing vector. They are essentially the field configurations 
found in Ref. |35^ . These solutions were shown in Ref. jHEI to be the only supersym- 
metric ones with Killing spinors satisfying the constraint Eq. ()4.17|) . Here we show 
that all the supersymmetric solutions in the timelike class admit Killing spinors that 
satisfy that constraint and, therefore there are no more supersymmetric configura- 
tions nor solutions in this class. 

•^A good review on these theories is Ref. |27| . 
See, e.g. the reviews ESlEniEIlES and references the rem. 
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These supersymmetric configurations are completely determined by a choice of sym- 
plectic section V/X. The metric is then given by 

ds^ = \M\\dt + oof - \M\-^dx'dx' , (1.1) 

where 

|^|-2^2e'^[v/x,(v/xr]^ (1.2) 

and where /C[V/X, (V/X)*] means that the Kahler potential has to be computed 
using in the expression Eq. ()(I24j) the components of the symplectic section V/X. 
LO = LUidx^ is a time-independent 1-form that has to satisfy the constraint 

{duUr. = emnpe-'^l^/^'^^/^)'! Qp[V/X, (V/X)*] , (1.3) 

where Qp[V/X, (V/X)*] is the pullback of the Kahler 1-form connection, computed 
in the same fashion. 

The vector field strengths are given by 

F = j^{d[\M\^n{dt + uj)]-'[\M\''dI A (dt + iu)]}. (1.4) 

where TZ and I stand, respectively, for the real and imaginary parts of the symplectic 
section V/X. 

The scalar fields can be computed by taking the quotients 

= (V/X)7(V/X)°. (1.5) 

The supersymmetric configurations are classical solutions iff the real section X is 
harmonic on M^. Rewriting the equation that determines u) as 

{dLj)mn = "^emnpi^ \ dpi) , (1.6) 

we see that its integrability condition 

{I\dpdpl) =0, (1.7) 

is satisfied for I harmonic on M^. In practice, though, the only functions globally 
harmonic in are constant and the rest have singularities and for them the above 
condition becomes non-trivial to satisfy |HZl EHl- We will discuss these conditions 
and their implications in a forthcoming paper 
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The 2n real harmonic functions then determine the solution, although one has to 
solve TZ in terms of the X in order to be able to write the whole solution explicitly 
in terms of the harmonic functions. This problem is equivalent to that of solving the 
stabilization equations and has no known generic solution except in a few cases, some 
of which we review in Appendix 

2. Those with a null Killing vector Generically they have Brinkmann-type metrics 

ds^ = 2du{dv + Hdu + Cj) - 2e~'^dzdz* . (1.8) 
where /C is the Kahler potential and a) is determined by the equation 

[du)^, =2te-^Qu, (1.9) 

where is the pullback of the Kahler 1-form connection (See Eq. (jB.llj) ). 

The scalar fields can be defined through a symplectic section with arbitrary depen- 
dence on u and z and the vector fields are determined by complex arbitrary functions 

(j){u),ij\z,z*,u) 

F = e-^l'^ {Ui%l)' + iV*0) du A dz* + c.c. . (1.10) 

The solutions of this case are harder to determine completely. There are, however, 
two interesting families of solutions: 

(a) Cosmic strings. They have vanishing vector field strengths and scalars that are 
arbitrary holomorphic functions Z^{z). 

ds^ = 2du{dv + Hdu)-2e-^^^^^^'^-^-^'^dzdz\ 

= Z\z), 

(1.11) 

h = h{z) , 
^ dA'H = 0. 

The functions h must have the right behavior under Kahler transformations to 
make the metric formally duality-invariant and the Killing spinors well defined. 
These solutions generalize the ones found in Ref. !;40| in flat spacetime for ar- 
bitrary Kahler potentials. Observe that the harmonic function H describes a 
plane wave moving along the string. 



5 



(b) Plane waves. In the simplest case they have the form 



ds^ = 2du{dv + Hdu) — 2dzdz* , 
pK+ ^ ^C*^(j){u)duAdz* , 

(1.12) 

= Z'{u), 

^ H = ig,,,Z^Z*^' +2\(P\^)\z\^ + f{z,u) + nz*,u), 
where Z*, are arbitrary functions of u and / an arbitrary function of u and z. 

This work is organized as follows: in section |21 we review the aspects of these theories 
relevant for this work: action, equations of motion, supersymmetry transformations and 
symplectic transformations. In section 01 we set up the problem we want to solve: Killing 
spinor equations, integrability conditions and conditions imposed on Killing spinor bilin- 
ears. In section 0] we solve the case in which the Killing vector bilinear is timelike and in 
section El the case in which it is null. The appendices contain the conventions some 
formulae of Kahler and special Kahler geometry plus some explicit examples of 
supersymmetric solutions for chosen theories (jD|) . 



2 N = 2,d = A supergravity coupled to vector super- 
multiplets 

In this section we are going to describe briefly the theory we are going to work with. Our 
main source for the formalism used in this section is Ref. jH], whose notation we use 
here quite closely although its origin goes back to Refs. |121I1SI- Our conventions for the 
metric, connection, curvature, gamma matrices and spinors are described in detail in the 
appendices of Ref. |j22^ which also contain many identities and results that will be used 
repeatedly throughout the text. These conventions are very similar, but not identical, to 
those employed in Ref. [41J. The differences and a dictionary of all the indices we use can 
be found in Appendix 1X1 

The gravity multiplet of the N = 2,d = 4 theory consists of the graviton e'*^, a pair 
of gravitinos V'/^, (/ = 1,2) which we describe as Weyl spinors, and a vector field A^. 
Each of the n vector supermultiplets of = 2, c? = 4 supergravity that we are going to 
couple to the pure supergravity theory contains complex scalar Z\ (i = 1, ■ ■ ■ , n), a pair 
of gauginos A^*, which we also describe as Weyl spinors and a vector field A\. In the 
coupled theory, the n = n + 1 vectors can be treated on the same footing and they are 
described collectively by an array A^^ (A = 1, ■ ■ ■ ,n). The coupling of scalars to scalars 
is described by a non-linear a-model with Kahler metric Qij*{Z, Z*) (see Appendix lB|l . 
and the coupling to the vector fields by a complex scalar- field- valued matrix A/'ai;(Z, Z*). 
These two couplings are related by a structure called special Kahler geometry, described 
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in Appendix O The symmetries of these two sectors will be related and this relation will 
be discussed shortly. 

The action for the bosonic fields of the theory is 



(2.1) 

Observe that the canonical normalization of the vector fields kinetic terms implies that 
Q'mA/As is negative definite, as is guaranteed by special geometry [H]. 

For vanishing fermions, the supersymmetry transformation rules of the fermions are 



Sei^i^ = 'D^ei + eijT+^,Ye\ (2.2) 

5,\^' = 2 ^ZV^ + e" |S'*+ej, (2.3) 

where 2?;^ is defined in Eq. (jB.lOjl . which acts on the spinors e/, since they are of Kahler 
weight 1/2, as 

S)^e, = (V^ + |Q^)e,, (2.4) 

and is the pullback of the Kahler 1-form defined in Eq. ()B.3|) . The 2- forms T and 
are the combinations 



T^, = TaF""^,, (2.5) 

G\u = T\F^^i, , (2.6) 

where, in turn, 7a and TV are, respectively, the graviphoton and the matter vector fields 
projectors, defined in Eqs. ()(120j) and ()(I2H) . 

The supersymmetry transformations of the bosons are 

5,e% = -i(V;,^7"e^ + V'Ve/), (2.7) 

+|(/^.e/jA^V + /^^*e"A/*7Mej) , (2-8) 

5,Z' = iFe,. (2.9) 
For convenience, we denote the Bianchi identities for the vector field strengths by 
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^Am = y^^^Ai^M. (2.10) 

and the bosonic equations of motion by 
whose exphcit forms can be found to be 

+8QmMA,:F''+/F''-,,, (2.12) 

Si = W^{gij*d''Z*''')-digjk*d,Z^d''Z*''* +di[FA''''*F^^,], (2.13) 

= V/F^^^ (2.14) 
where we have defined the dual vector field strength Fa by 

Fa^, = --1=-^^ = sftejVAsF'^M- + QmAfAj:*F''^, . (2.15) 



The Maxwell and Bianchi identities can be rotated into each other by GL[2n, M) trans- 
formations under which they arc a 2n-dimensional vector: 

B^f" \ / D C \ / B^" 
S'^^l — I, (2.16) 



/ \ B A / \ £f 



where A, B, C and D are n x n matrices. These transformations act in the same form on 
the vector of 2n 2-forms 

-(::)-(::)(:;)■ - 

and, since, by definition, 

FX = neXj.j.F"' + QmJ\fj,^*F"' , (2.18) 

for the transformations to be consistently defined, the must act on the period matrix J\f 
according to 

Af' ^ {AM + B){CAf + D)-K (2.19) 
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Furthermore, the transformations must preserve the symmetry of the period matrix, which 
requires 

A^C = C^A, D^B = B^D, A^D -C^B = 1, (2.20) 

i.e. the transformations must belong to Sp{2n,Wj. 

The above transformation rules for the vector field strength and period matrix imply 

QinAf' = {CU* + Dy^^^mJ\f{CJ\f + Dy^ , = {CU* + D)k^F^+ , (2.21) 

so the combination 'ismMtvT.F^^ ^^F^^ that appears in the energy-momentum tensor is 
automatically invariant. 

The above symplectic transformations of the period matrix M correspond to certain 
transformations of the complex scalar fields Z*: 

J\f\Z,Z*) = [AATiZ, Z*) + B][CAf{Z, Z*) + D]-^ = ATiZ' , Z'*) . (2.22) 

These transformations have to be symmetries of the theory as well, which implies that 
they have to be isometrics of the special Kahler manifold jini- Thus only the isometrics 
of the special Kahler manifold which are embedded in Sp{2n, M) are symmetries of all the 
equations of motion of the theory (dualities of the theory). Observe that the Kahler poten- 
tial is, in general, not invariant under the isometrics of the Kahler metric, but undergoes a 
Kahler transformation. This means that all objects with non-zero Kahler weight transform 
non-trivially under duality. 

The scalar equation Si Eq. ()2.1Hj) can be written in a manifestly covariant form by rising 
the index with Q^*'^, . The complex conjugate equation then takes on the form 

S' = J^^d^Z' + g'^'dj* [Ff^^'^^F^^^] . (2.23) 

3 Supersymmetric configurations: general setup 

Our first goal is to find all the bosonic field configurations {gpty, F^^^, Z^} for which the 
Killing spinor equations (KSEs): 

= 2)^e/ + e/jT = , (3.1) 

5,X^' = i ^Z'e^ + ^^+ej = , (3.2) 

admit at least one solution.^ It must be stressed that the configurations considered need 

''The generalized holonomy of the gravitino supersymmetry transformation indicates that the minimal 
number of solutions that these equations will admit is actually 4 j4()| . but we will not use this fact in our 
derivation. We will, in the end recover the result that supersymmetric solutions generically preserve 1/2 
or all supcrsymmetries. 
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not be classical solutions of the equations of motion. Furthermore, we will not assume that 
the Bianchi identities are satisfied by the field strengths of a configuration. 

Our second goal will be to identify among all the supersymmetric field configurations 
those that satisfy all the equations of motion (including the Bianchi identities). 

Let us initiate the analysis of the KSEs by studying their integrability conditions. 

3.1 Killing Spinor Identities (KSIs) 

Using the supersymmetry transformation rules of the bosonic fields Eqs. ()2.7H2.9|) and using 
the results of Refs. 01] we can derive the following relations {Killing spinor identities, 
KSIs) between the (off-shell) equations of motion of the bosonic fields Eqs. ()2.12Hin^ that 
are satisfied by any field configuration {e"^, A^^, Z^} admitting Killing spinors: 

V - 4k^-^£^£A^ej = 0, (3.3) 

re^-2ie"r'^ ^Aej = 0. (3.4) 

The vector field Bianchi identities Eq. ()2.10p do not appear in these relations because 
the procedure used to derive them, assumes the existence of the vector potentials, and 
hence the vanishing of the Bianchi identities. 

It is convenient to treat the Maxwell equations and Bianchi identities on an equal footing 
as to preserve the electric-magnetic dualities of the theory, for which it is convenient to 
have a duality-covariant version of the above KSIs. This can be found by performing 
duality rotations on the above identities or from the integrability conditions of the KSEs 
Eqs. fl3.ip3.2j) . which is the method we are going to use. 

Using the Kahler special geometry machinery, we obtain 

(3.5) 

+eij^lf.T+,]pYeJ = 0, 

which gives rise to 

AY^[^6,^ljj,] = (S^, - \g^, ef)i''ti - - M^y, = . (3.6) 

Contracting the above identity with 7^^, we obtain another one involving only the trace 
S„'^, which can be used to eliminate it completely from the KSIs. The result is the duality- 
covariant version of (the complex conjugate of) Eq. ()3.3p we were after: 

Sa^^ei - 4^e,j/:^(^A^ - AfA^B^'^y = . (3.7) 
It turns out to be convenient to define the combination 
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Using it, the above KSIs Eqs. ()3.6l3.7p take the form 



(3.8) 



{S^,-\g^,Sf)^''ei-Tf,lfL''^^eije' = 0, (3.9) 

£/7% - 2TA7^^'^e,je-^ = 0. (3.10) 
Observe that the graviphoton- projected combination T/J-C^^ can be written as 

Tf,n^>' = 2t[C^SA^' - MaB^^"] = 2t{S^'\V), (3.11) 

where S is the symplectic vector defined in Eq. ()2.16|) . 

The duahty-covariant version of Eq. ()3.4j) can be obtained in a similar fashion, and 
reads 

- i p5,\^' = S'e^ - 2iT\ l/L^e^^ej = . (3.12) 

Observe that the identities Eqs. ()3.6l3.7p and ()3.12|) are necessary but not sufficient 
conditions to have supersymmetry. 

From these identities we can derive further identities involving only tensors by multipli- 
cation with gamma matrices and conjugate spinor from the left, as to have only bilinears. 
As is usual, it is convenient to consider the case in which the vector bilinear = ie^'j'^ei 
is timelike and the case in which it is null, separately. 

3.1.1 The timelike case: independent e.o.m.'s 

When is timelike one can derive the following identities: 

gf^u ^ £P''vpV„v^'v\ (3.13) 

TaH^^ = -'^e'''£P''VpV,v^' , (3.14) 

T\'H'^'' = ie-^^r^'^, (3.15) 
where we have defined the unit vector and the (local) phase 

v^' = V^/2\X\, e''' = X/\X\. (3.16) 

These identities contain a large amount of information about the supersymmetric con- 
figurations. In particular, they contain the necessary information about which equations of 
motion need to be checked explicitly in order to determine whether a given configuration 
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solves the equations of motion: the first of these identities tells us that the only com- 
ponents of the Einstein equations that do not vanish automatically for supersymmetric 
configurations are those in the direction of v'^v'^\ the rest vanish automatically. I.e. once 
supersymmetry is established, one does not need to check that those components of the 
Einstein equations are satisfied. Further, the second and third identities state that the 
only components of the combination of Maxwell equations and Bianchi identities H.^^ that 
do not vanish automatically are the ones in the direction v^. For the graviphoton (second 
equation), they are related to the only non-trivial components of the Einstein equations 
and for the matter vector fields (third equation), they are related to the equations of mo- 
tion of the scalars. Therefore, we see that iff the Maxwell equation and Bianchi identities 
are satisfied, then the equations of motion of the scalars and the Einstein equations are 
satisfied identically. The conclusion then must be that, in the timelike case, one only 
needs to solve the Maxwell equation and the Bianchi identities in order to be sure that a 
supersymmetric configuration is an actual (supersymmetric) solution of the equations of 
motion. 

3.1.2 The null case 

When is a null- vector (we will denote it by /^), using the auxiliary spinor rj defined in 
the appendix of Ref. [SEl to construct a standard complex null tetrad {l^, n^, m'^, m*^} we 
can derive the following identities: 

0, (3.17) 
0, (3.18) 
0, (3.19) 
0, (3.20) 

0. (3.21) 

Thus, in this case, the equations of motion of the scalars are always automatically 
satisfied for a supersymmetric configuration. Only a few components of the Einstein and 
Maxwell equations and Bianchi identities may also be non-zero and these are the only ones 
that need to be checked if we want to have solutions. Observe that the vanishing of the 
graviphoton-projected combination TpJ-L^^ does not imply the vanishing of the Maxwell 
equations or the Bianchi identities. 

3.2 Solving the Killing spinor equations 

To solve the KSEs we are going to follow these steps: 



s' = 
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1. In section ESI we are going to derive equations for the tensor bilinears that can be 
built from the Kilhng spinors.^ Solving these equations is not, in principle, sufficient 
for solving the KSEs, but it is certainly necessary, which is why they are analyzed 
first. 

2. We are going to see in in the same section that these equations for the bilinears state 
that the vector bilinear we denote by V^, is always a Killing vector, whereas the 
other three are closed (locally exact) 1-forms, which need not be independent. 

3. In the same section we will derive an expression for the contractions V^F^^,^ in terms 
of the scalar bilinear X and the scalars Z*. These contractions determine to a large 
extent the form of the full vector field strengths, depending on the causal nature of 
the Killing vector V^, which can be timelike or null. These two cases have to be 
studied separately. 

4. In the timelike case (section 0} 

(a) The contractions V^F^^^ fully determine the vector field strengths (section f4.H] . 

(b) The form of the metric is also fixed by the existence of a timelike Killing vector 
and the three exact 1-forms, which, in this independent (section 1^?^ . 

(c) At this point these two fields are entirely expressed in terms of bilinear X and 
the scalars Z*, which remain arbitrary, and we are going to check explicitly 
(section 14. 3p that, in all cases, these field configurations are supersymmetric, 
provided that they satisfy the integrability condition Eq. ()4.12|) . 

(d) This solves the timelike case, but, obviously, we are particularly interested in 
supersymmetric configurations which are solutions. We have seen in the previous 
section that the KSIs insure that this is equivalent to satisfying the Maxwell 
equations and the Bianchi identities, which, as we are going to see (section 

is the case if the scalars satisfy the 'simple' Eqs. ()4.30|) . 

5. In the null case (section 

(a) we will use the formalism of Ref. jlZj, exploiting the fact that the two e/ must 
be proportional and can be written in the form ej = (pie. The KSEs can be split 
into equations involving e and equations involving (pis. 

(b) A second spinor rj needs to be introduced as to construct a null tetrad via 
spinor bilinears; the relative normalization of e and r] requires rj to satisfy a 
differential equation whose integrability conditions need to be added to the 
KSEs integrability conditions. All these conditions and the conditions implied 
for the null tetrad are studied in section E21 

^The definitions and properties of these bilinears can be found in the appendices of Ref. 
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(c) Since the solution admits a covariantly constant null vector, we can introduce 
a coordinate system and solve the consistency conditions (see section I^TSj) . In 
section I574I we use this coordinate system to analyze the KSEs, and show that a 
supersymmetric configuration preserves either half or all the supersymmetries. 

(d) Section 15. 5[ then, analyzes the equations of motion, reducing them to two, 
seemingly involved, differential equations, namely Eqs. ()5.88j) and (j^.^lj) . and 
discusses some interesting subclasses of solutions. 

3.3 Killing equations for the bilinears 

From the gravitino supersymmetry transformation rule Eq. ()2.2j) we get the independent 
equations 

S^X = -2TV^% (3.22) 

V^V'j, = i6'j{XT*~^, - X*T+^,) - lie'^'r-^p^K/. - ejA'T+^p-l'^^'/) .(3.23) 

The first equation relates the scalar bilinear X with the self-dual part of the graviphoton 
field strength and indicates that it contains all the information of the central charge of the 
theory J8^. 

The first term in the r.h.s. of the second equation is completely antisymmetric in fiu 
indices and has a non-vanishing trace in IJ indices, while the second term is completely 
symmetric in fiu indices and traceless in IJ indices. This implies that is a Killing 
vector and the 1-form V = V^dx^ satisfies the equation 

dV = Ai{XT* - - X*T+) , (3.24) 

while the remaining 3 independent 1-forms = -^V^ j ^a"^^ [dx^ (c^'^j , « = 1, 2, 3 are the 
Pauli matrices) are exact 

dV' = Q. (3.25) 
From the gauginos supersymmetry transformation rules, Eqs. ()2.3|) . we get 

V^K^d^Z' + e'-'^KrC'^,, = 0, (3.26) 

iM^^d^Z' + i^^\''d,Z' -Aie^-^V^ j'G'^^, = 0. (3.27) 
The trace of the first equation gives 

V^'df,Z' = 0, (3.28) 
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while the antisymmetric part of the second equation gives 

2iX*df,Z' + 4iG' ^^^V = . (3.29) 
Using Eq. ()(L19j) . we can derive 

iC*^T+ + 2f^iG'+ = , (3.30) 
which in its turn allows us to combine Eqs. ()3.22|) and ()3.29p . as to obtain 

VF^^^^ = r^D^X + X*f^idf,Z' = C^D^X + , (3.31) 

which, in the timelike case, is enough to completely determine as a function of the 
scalars Z^,X and V. 

4 The timelike case 

4.1 The vector field strengths 

As is well-known, the contraction of a self-dual 2-form with a non-null vector completely 
determines the 2-form. In the timelike case we can use and we have 

where C^^ is given by Eq. 1)3.311) . Therefore, we have the vector field strengths written in 
terms of the scalars Z*,X and the vector V . Let us then consider the spacetime metric. 

4.2 The metric 

It is convenient to choose coordinates adapted to the timelike Killing vector V and also to 
use the exact 1-forms V"^ (which, as was said before, are independent in the timelike case) 
to define the spacelike coordinates. Thus, we define a time coordinate t by 

V^d^ = V2dt, (4.2) 

and the spacelike coordinates x* by 

V' = dx' . (4.3) 
Since in this case V'^Vf^ = 2|Mp = 4|Xp ^ 0, the metric can always be constructed as 

ds'^ = \M\-'^[V ®V -V^j^ V-^i] = |M|^2[iy ^y _yi ^yi^^ (44) 

which is manifestly invariant under all the transformations leaving invariant the equa- 
tions of motion and the supersymmetry transformation rules. With the above choice of 
coordinates, the metric takes on the form 
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ds^ = \M\'^{dt + ujf -\M\-'^dx'dx\ i,j = 1,2,3, (4.5) 

where u = Uidx^ is a time-independent 1-form that satisfies an equation that can be found 
as follows: the choice of coordinates implies 



V = 2V2\X\'^{dt + 



UJ 



which trivially implies that 



duj 



b^di\x\-'v). 



2^2 



Using Eqs. ()H.24j) and ()H.22|1 we find the equation for 



V 

TP 



(4.6) 



(4.7) 



(4.^ 



With this equation we have succeeded in expressing completely the metric in terms of 
the scalars X, and the vector V, as we did with the vector field strengths. 
It is convenient to define the U{1) connection 1-form 



■ X*dX - XdX* 

2 \X\^ 



(4.9) 



This ^ is similar to the ^ defined in the iV = 4, ci = 4 case in Ref . j2E] , but in this case it 
is exact. In terms of ^ and the puUback of the Kahler 1-form Q, the equation for uj is 



(e - Q) A 



V 



In terms of the 3-dimensional Euclidean metric, this equation takes the form 

1 



{du))mn 



\x 



2 ^mnp 



(4.10) 



(4.11) 



and we will later rewrite it to a more standard form. 

In what follows the integrability condition for this equation will be needed: It reads 



drr 



n 

\x\^ 







(4.12) 



4.3 Solving the Killing spinor equations 

We are now going to show that the field configurations of N = 2,d = 4 given by the 
metric Eqs. ()4.5|1 and ()4.11|1 and field strengths Eqs. ()4.H1 and fl3.31|) are supersymmetric 
for arbitrary values of the complex scalars X, Z* (X 7^ 0). 

Let us start by the gauginos supersymmetry transformations Eqs. ()3.2|1 . Using Eqs. (j4.1|l . 
we find 
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r"-^ = -^C'^^KT^'ill - 75) . (4.13) 
On the other hand, using the properties Eqs. ()C.12|) and ()C.13|) . we find that 

= iX*9^Z% (4.14) 
and, combining this with the previous resuh we get 

T\ /^^+e"ej = -^^d^Z'-^V^Y^^J = ^ ^^^(^Toe'^^e^ej) , (4.15) 

where a is the phase of the complex scalar bilinear X and we have used that in our Vierbein 
basis V = 2|X|eo, Eq. 

Eq. fl3.2j) takes, then the form 

i ^Z' {e' + zToe-^'e'-'e j) = , (4.16) 
and can always be solved by imposing the constraint 

e, + 27oe'"e,je-^ = 0, (4.17) 

which breaks half of the available supersymmetries. 

Let us now consider the O*'^ component of the gravitino supersymmetry transformations 
Eq. (jSH): using Eq. ^TH} . we find 

Doe/ = -7^—{dt - X*^^X-fom}ei . (4.18) 
V2|a I 

On the other hand, using Eqs. (jCIlljl and ()(I12j) . we find 

rAF^+o„. = ^S™X, (4.19) 

and combining this with the previous result we find that the O*'^ component of Eq. ()3.1|1 
takes, up to a global factor, the form 

dtei - ^j|j^7om [e, + 27oe^"e,je-^] = , (4.20) 

which is always solved by time- independent spinors satisfying the constraint ()4.17|) . 

Finally, let us consider the m'^^ component of Eq. 1)3.11) : using essentially the same 
properties, we find on the one hand 

{X*D X 1 
- ^emnp ^^^Onj 6/ , (4.21) 

and on the other, 
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TAF^'^mal" = -^{^mp " i(^mnplOm)^pXi'yQ . (4.22) 

Combining these two results and using the constraint Eq. ()4.17j) as to have an equation 
involving spinors of the same chirality, we find that the m^^ component of Eq. (jS^, up to 
a multiplicative factor, reads 

dUX~'/'ej) = 0, (4.23) 

which is solved by 

ej = X'/hio, d^ejo = 0, ejo + ^loeIJe■' o = . (4.24) 

This is the form of the Killing spinor associated to the field configurations that we 
have found. All of them are, therefore, supersymmetric and preserve, at least, 1/2 of the 
possible supersymmetries. 

Observe, however, that in this proof we have assumed that Eq. (14.1111 can be solved. 
Thus, we have assumed implicitly that the integrability condition of this equation, Eq. ()4.12|1 . 
has been solved. This equation is the only condition that the field configurations consid- 
ered need to satisfy in order to be supersymmetric and, in fact, to be well defined. We will 
reconsider this condition when we consider supersymmetric solutions, but we can already 
see that our result is different from the one in Ref. jHSj, where the pull-back of the Kahler 
form had to vanish in order for the solution to be supersymmetric. 

4.4 Equations of motion 

Following Refs. |171 122] we are going to introduce an Sp{2n, M) vector of electric and 
magnetic scalar potentials E defined by 

V^E = VF,^ , (4.25) 

where F^^ the S'p(2n, M) vector of field strengths defined in Eq. ()2.17|) . Let us also define 
the real symplectic sections X and IZ 

n = 3?e(V/X) , X = '^m{V/X) , (4.26) 

where V is the symplectic section defined in Appendix O 
Then, using Eq. (jH.Hlj) we find 

E = 2\X\'^n, (4.27) 
and using the explicit form of V and the property Eq. ()4.8j) we can write 

F = -l{d[nV]-*[dlAV]}. (4.28) 

which immediately leads to the following form of the Bianchi identities and Maxwell equa- 
tions: 
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dF = \d*[dl AV]. (4.29) 

Rewriting these equations in standard Cartesian language, we find that the Maxwell 
equations and Bianchi identities (whence, according to the KSIs, all the equations of motion 
of N = 2, d = 4 supergravity) are satisfied if 

dAI = 0, (4.30) 

i.e. if the imaginary parts of C^/X and Ai^/X are given by 2n real harmonic functions 
on 

Let us now reconsider the integrability condition Eq. ()4.12|1 of the differential equation 
that defines the 1-form u. The equation for the 1-form u 1)4.111) can be rewritten as to give 

{duj)mn = 2e„„p( J \dpX) , (4.31) 
and its integrability condition takes on the simple form 

{l\dpdpl)=0, (4.32) 

which is, as discussed in the introduction, a non-trivial condition due to the presence of 
singularities in harmonic function [HTl IHH] . 

Summarizing, we have just shown that the configurations of N = 2,d = 4 supergravity 
given by the metric Eqs. ()4.5j) and 1)4.11)) and field strengths Eqs. ()4.1)1 and ()3.31)) are 
solutions of the equations of motion iff the scalars X, satisfy the condition Eq. ()4.3())) . 
The integrability condition of the equation for the 1-form u, which was the only condition 
necessary to have supersymmetry, is automatically satisfied for supersymmetric solutions. 

We still have to show how, given the real harmonic section X, we can express the 
scalars, the vector field strengths and the metric in terms of this harmonic section: the 
metric Eq. ()4.5)1 depends of the 1-form u which can be calculated from I integrating 
Eq. fl4.3ip and on the absolute value of the bilinear scalar X, which can be computed from 
X and 71 observing that 

( {V/Xy I V/X) = 2^(7^ I X) = , (4.33) 

and that 

( (V/X)* I V/X ) = ^e-'^t^/^'^^/^)*] , (4.34) 

where }C[V / X , {V / X)*] is the expression for the Kahler potential obtained in Eq. flC.24)) 
where the coordinates X have been substituted by C/X. This leads to the expression 

|M|2 = 2|X|2 = 2e'^[^/^-(^/^)'l. (4.35) 

Observe that the form of the Kahler potential that has to be used here, namely 
Eq. ()C.24)) . is fixed after a section has been chosen and no Kahler transformations are 
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allowed. Otherwise, the whole construction would be inconsistent since, as we have dis- 
cussed, the spacetime metric is invariant under all the symmetries of the equations of 
motion and, in particular, under Kahler transformations. 
It is also possible to rewrite Eq. ()4.H1|1 for uj as 

(rf^)„„ = e^^.e-'^I^/^'^^/^^-lQ.lV/X, (V/X)*] . (4.36) 

It is clear that, in order to find |Mp, and also in order to find the field strengths using 
Eqs. fl4.28|) and the scalars using, for instance, the special coordinates 

^-^-0. (4.37) 

we need the real section TZ expressed as a function of X. Finding 1Z{X) is equivalent to 
solving the so-called ^^stabilization equations" j42jiM]]| which are nothing but Eqs. ()4.29|1 for 
static, spherical, asymptotically fiat black holes evaluated at the black-hole horizon: the 
l.h.s. gives the Sp{2n, M) vector of charges g* = (^p^ , q\j and this essentially determines 
the coefficient of the harmonic functions X. Solving the stability equations amounts to 
finding the real part of the section V/X as a function of the imaginary part, i.e. of the 
charges. There seems to be no systematic procedure to find 7^(X) and the solution of this 
problem is only known in a few simple cases, some of which we review in Appendix O 

At this point we should compare our results with those of Refs. [33] and [311 • In th efirst 
of these references, the supersymmetric configurations we have found were proposed as an 
Ansatz and they were shown to be supersymmetric. In the second, the same solutions were 
found from the KSEs of superconformal gravity starting with an Ansatz for the contraint 
satisfied by the Killing spinors of the form Eq. ()4.17|l '^. We have just shown that all the 
solutions^ in the timelike class satisfy this constraint and there are no more solutions than 
those found by Behrndt, Liist and Sabra in the timelike class, although there are more 
supersymmetric solutions in the null class, as we are going to see. 



5 The null case 

In the null case^ the two spinors ej are proportional 6/ = 0/e. The complex scalar functions 
0/ carry a -1 U{1) charge w.r.t. the purely imaginary connection 

( = ^'d^i, (5.1) 

opposite to that of the spinor e, so the ej are neutral. On the other hand, the 0/s are 
neutral with respect to the Kahler connection, and the Kahler weight of the spinor e is the 
same as that of the spinor e/, i.e. 1/2. 

^ Their results include also corrections, but we are not concerned with them here. 
®The exceptions are the maximally supersymmetric Minkowski and Bertotti-Robinson-type solutions. 
^The technical details concerning the normalization of the spinors and the construction of the bilinears 
in this case are explained in the Appendix of Ref . . 
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We are now going to substitute e/ = 0/e into the KSEs and we are going to use the 
normahzation condition of the scalars 0/0^ = 1 to spht the KSEs into three algebraic and 
one differential equation for e; one of the algebraic equations for e will be a differential 
equation for 0/. 

This substitution immediately yields 

a^0,e + 0,D^e - e,j0^T = 0, (5.2) 

0^^ZV* + e"0j ^*+e = 0. (5.3) 
Acting on Eq. ()5.2|) with (p^ leads to 

S)^e = -0^9^076, (5.4) 

which takes the form 

S^e=(D^ + C^)e = 0, (5.5) 

and becomes the only differential equation for e. Observe that the covariant derivative 
contains, apart from the connection (, the spin and Kahler connections. Plugging Eq. ()5.5|1 
into Eq. ()5.2j) as to eliminate P^e we obtain 

l)0,e + e,j0-^T+^,7^e* = , (S0, = {d^ - Cm)0/) , (5.6) 

which is one of the algebraic constraints for e and is a differential equation for 0/. 

Multiplying Eq. ()5.H|) with 0/, we see that it splits into two algebraic constraints for e: 



^ZV = 0, (5.7) 

^^+e = 0. (5.8) 

Finally, we add to the system an auxiliary spinor rj, with the same chirality as e but 
with all U{1) charges opposite to those of e and normalized by the condition 

-ev = l (5.9) 
This normalization condition will be preserved if and only if rj satisfies 

^^,V + V = 0, (5.10) 
for some with U{1) charges —2 times those of e, i.e. 

Sm«- = (V^-2C,.-zQ^)a,, (5.11) 
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to be determined by the requirement that the integrabihty conditions of this differential 
equation have to be compatible with those of the differential equation for e. 

Observe that the null tetrad of vector bilinears one constructs from e and rj will in 
general have non-trivial charges and, in particular, non-trivial Kahler weight: taking into 
account the definition of the bilinear vectors in Ref. j2E], which we reproduce here for 
convenience 



(5.12) 

we see that / and n have U{1) charges but m has —2 times the charges of e and m* has 
+2 times the charges of e. The metric 



ds^ = 2i®h-2m®rh* , (5.13) 

is invariant, though. 

The orientation of the null tetrad is important: we choose the relation between a 
standard Cartesian tetrad {e°, e^, e^, e^} and the complex null tetrad {e", e^, e^, e^*} = 
{/, n, 771, m*} to be 



(5.14) 
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This translates into identical relations between gamma matrices: 
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This choice implies for the chirality matrix 



(5.15) 



75 = -^707172^3 ^ _^uv^zz* 



(5.16) 



5.1 Killing equations for the vector bilinears and first conse- 
quences 

We are now ready to derive equations involving the bilinears, in particular the vector 
bilinears constructed from e and the auxiliary spinor 77 introduced above. First we deal 
with the equations that do not involve derivative of the spinors. Acting with e on Eq. ()5.6|) 
and with €7^^ on Eq. ()5.8p we get, respectively 
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= 0, 



(5.17) 



which together imply 



which in its turn implies 



G^+^X = 0, (5.18) 



F^%X = 0, (5.19) 



F^+ = i0^/Am*, (5.20) 

where (f)^ is some complex function. This form of F^^ completely solves Eq. ()5.8|1 . as 
becomes paramount through the Fierz identity 

l^Y^e* = Sre* . (5.21) 
Acting with fj on Eq. ()5.6|) we get 

1)^07 + iV2eij(l)-^T+^,m'' = , (5.22) 
and substituting Eq. ()5.2()j) into it, we obtain 

^ A - ^e,j0^rA0^/^ = . (5.23) 
Finally, acting with e and fj on Eq. ()5.7|) we get 

Fd^Z' = 0, (5.24) 

m^'df.Z' = 0, (5.25) 

which imply 

dZ' = Al + B'm, (5.26) 

for some functions A* and that are v independent. Observe that, since dZ^ and I have 
no Kahler weight and fh has Kahler weight +2, must have Kahler weight —2. As shown 
in Refs. |471 1^ . for a single scalar {dZ = Al + Brh) we can always assume that either B 
is zero (case A) or A is zero (case B). However, for more than one scalar, it is not possible 
to remove all the A^s and we are going to have, in general, non-vanishing A^s and B^s, 
although we can consider particular cases in which either all the A^s or all the B^s vanish. 
Observe that, due to the Fierz identity 
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/e*=]he* = 0, (5.27) 

the above expression solves Eq. ()5.7|) identically. These are all the algebraic equations for 
the bilinears. Now, from Eqs. ()5.5|) and ()5.10|) we find the differential equations 

V^/, = 0, (5.28) 
^iiUu = Vf,n^ = -a*^my - a^ml , (5.29) 
S)^m^ = (V^ - 2C^ - iQ^)my = -a^l^ . (5.30) 

5.2 Equations of motion and integrability constraints 

Our immediate objective is to find information about the connection C,^ using the KSIs 
and the integrability equations of Eqs. ()5.5j) and ()5.1()j) . 

Using the results of the previous section, we can write the Einstein equations the form 

+2gij,B^B*^'m^^ml^ + 2g,j.A'B*^l^^ml^ (5.31) 

Comparing with the KSI Eq. ()3.17|1 . we end up with tho following two conditions 

Rf.J" = 0, (5.32) 

R^.m'' -gij.iAn^ + B'm^)B*^' = 0. (5.33) 

Commuting the derivative and projecting with gamma matrices and spinors in the usual 
way, and using 

{dQ)^um*'' = tg,,,B'B*^*m; , (rfQ)^./" = (rfQ)^.n'^ = , (5.34) 

which follow from the definition of the Kahler connection and Kahler form Eq. ()5.26p . it 
is easy to find, from Eq. ()5.5|) 

{R^, + 2idC)^,uK = 0, (5.35) 
{R,, + 2{dO^,}m*''-g,^,B\A*^*l^ + B*^*m*^) = 0, (5.36) 
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and from Eq. ()5.1U|) 



{R^,-2idC)^,}m'' -gij,{AU^ + B'm^)B*^'' +2ii)a)^J'' = 0, (5.37) 

{R^,-2{dC)^,}n' + 2{^a)^,m*'' = 0. (5.38) 
Comparing these three sets of equations, we find that they are compatible if 

{d()^J' = {dO^.rn'' = 0, ^dC = 0, ^C = da, (5.39) 
locally, and, eliminating ( hj a local phase redefinition. Da becomes just Da and we get 

(Da)^,r = 0, (5.40) 

{Dd)f,,m*'' = -|i?^.n^ (5.41) 

so that 

Da = -\R^*urh Am* + ^RuJ Am + CI A m* , (5.42) 

where C is a function that needs to be chosen as to make this equation (and, hence, 
Eq. ()5.10|) ) integrable. We also have to satisfy the integrability equations ()5.32|) and ()5.33p . 

Another consequence of the elimination of is that D(f)i becomes just d(f)i, whence 
Eq. ()5.23|) implies that d(f)i ~ / and the graviphoton combination 

= rA0^, d(pr^l. (5.43) 
Observe that a similar statement cannot be made about the matter combinations 

ij' = r\(j)^ . (5.44) 

The variables 0, ip^ will be convenient for further calculations, and the relation between 
them and the (j)^ can be obtained from Eq. ()3.3 



(f)^ = iC*'^(f) + 2f^,^\ (5.45) 

Using these variables, the symplectic vector of field strengths defined in Eq. ()2.17|) takes 
the form 

F = {Uiip' + |V*0) / A m* + c.c. , (5.46) 

and the symplectic vector containing the Bianchi identities and Maxwell equations, defined 
in Eq. ()2.16|) is, in differential-form language 
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*S = dF = -i A [d iUi^' + iV*0) A m* + {Ui^' + fV^) rfm* + c.c] . (5.47) 

Since dcj) ~ /, it drops out of the above equations. Next, we substitute 

dV* = U\*dZ*'* + \V*dK. . (5.48) 
Finally, using Eqs. ()5.3()|1 and ()5.2(j|l we find 

/ A dm* = I A (-irf/C) A m* , (5.49) 
which, after substituting and assuming independence of v, leads to 

*i = e'^/2rf(e-'^/ VWi) A / A m* + c.c. (5.50) 

We are now in a position to check the KSIs that involve the Maxwell equations and Bianchi 
identities: first of all, Eqs. ()3.20|) are satisfied automatically, and Eq. ()3.19p can be put in 
the form 

(*^|V) = 0. (5.51) 

Rewriting 

*S = [e^d{e-'^d%l)')Ui - e'^/^ifj'm* ^'d^Z^J^jUi m] A / A m* + c.c. (5.52) 

and using {Ui \ V) = \ V) = {DjUi \ V) = {'Dj,U*i* | V) = we see that the above 

equation is always satisfied. 

The only component of these equations is, then, 

m*'^(9^(e-'^/VWi) - c.c. = . (5.53) 
Finally, let us consider the scalar equation of motion, which takes the form 

£'* = m*'^®^^"* - B*'*Fal . (5.54) 

According to Eq. 1)3.211) . this combination has to vanish in order to have supersymmetry, 
and in the next section we are going to see that this happens if the i?*s are covariantly 
holomorphic in a complex coordinate, denoted by z, and /'^a^ = 0. 

5.3 Metric 

In order to advance and check the KSIs involving the Ricci tensor we need an explicit form 
of the metric. This form is dictated by the existence of a covariantly constant null Killing 
vector, Eq. ()5.28p . which tells us that the spacetime is a Brinkmann pp-wave, [521 ES]- 
Since is a Killing vector and = we can introduce the coordinates u and v such that 
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i=lfj_dx^ = du , (5.55) 

Fd, ^ ^. (5.56) 
We can also define a complex coordinate z by 

m = e^dz , (5.57) 

where U may depend on z, z* and u. Eq. ()5.24j) then states that the scalars are functions 
of z and u only: 

Z' = Z\z,u), (5.58) 
and, therefore, the functions and defined in Eq. fl5.2fij) are 

A' = duZ' , e^B' = d,Z' , d,4e^B') = . (5.59) 
Finally, the most general form that n can take in this case is 

fi = dv + Hdu + Co , Co = LOzdz + uOz*dz* , (5.60) 

where all the functions in the metric are independent of v and where either H or the 1-form 
Co could, in principle, be removed by a coordinate transformation but we have to check that 
the tetrad integrability equations ()5.28|) - ()5.30|) are satisfied by our choices of , H and Co. 
Eq. ()5.13|) and the above choice of coordinates, lead to the metric^" 

ds"^ = 2du{dv + Hdu + Cj) - 2e^^ dzdz* . (5.61) 

Let us then consider the tetrad integrability equations ()5.28j) - ()5.3()|l : the first equation 
is solved because the metric does not depend on v. The third equation, with the choice of 
coordinate Eq. ()5.57p . implies^^ 



U -iQu 



m + Dl, 



(5.62) 



U 



-/C/2, 



(5.63) 



where D{z,z*,u) is a functions to be determined and over-dots denote partial derivation 
w.r.t. u. Combining both equations we get 



"'^'^The components of the connection and the Ricci tensor of this metric can be found in the Appendix 
of Ref. |2ni- 

^"'^ActuaUy, the most general solution is U = —/C/2 + h{u), but we can always eliminate h{u) by a 
redefinition of z that does not change the structure of the metric. 
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a = -A'd^]Cm + Dl . 
Finally, the second tetrad integrability equation ()5.29|1 implies 



(5.64) 



whence a is given by 



D = e^'^{d,,H -Co,,), (5.65) 
{du)^, = 2ie-'^Qu, (5.66) 

a = -A'dilCm + e'^/\d,,H - . (5.67) 

Observe that this implies a^l^ = 0. On the other hand, the last of Eqs. ()5.59j) together 
with Eq. lEM 

d,, {e-'^/'^B') = I),*B' = . (5.68) 

Thus, the scalar equation of motion ()5.54|) is identically satisfied and so is the KSl ()3.19p . 

Having a coordinate system, we can check the integrability conditions Eqs. ()5.32l5.33p . 
The first of these is automatically satisfied for Brinkmann metrics. The second splits into 

R^,*+gij.A'B*^' = 0, 

(5.69) 

R,,,+gij*B'B*^* = 0. 

The coefficients of the Ricci tensor for Brinkmann metrics were given in the Appendix of 
Ref. [2^: substituting Eqs. ()5.63|) and ()5.66|1 into those expressions and using the holo- 
morphicity of the Z*s the above equations are seen to be satisfied identically.^^ 

Having an expression for a, Eq. ()5.67j) . we can impose the integrability condition 
Eq. ()5.42|) . resulting in 



C = -e^l^d^.[e^'\d^,H-dj^,)], (5.70) 
Run = -2d^{A'd^}C)-2e'^/^^^[e'^^\d^,H~u^,)] + 2{A'd,IC)\ (5.71) 

Ru.* = -2e'^/^d^,{A'di}C) = -2gi,,A'B*^* . (5.72) 

^^We would like to point out a typo in Tod's article The metric has the part 2m(^m*^, which 

together with g3 (A.9-10)], indicates that the metric factor should be e'^'^ojLu and not Eq. @3 (A. 17)], 
which is just the inverse. After taking this into account, Tod's results fully agree with the ones presented 
here. 
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The second equation is satisfied automatically. The last equation is, however, incompat- 
ible with the integrabihty equation Eq. ()5.69|) and with the actual value of Ruz* for the 
Brinkmann metric unless 

duZ'd,*Z*^'^gij,=0. (5.73) 

This conditions is a consequence of the choice of rj, i.e. of our frame and coordinate 
choice, and should be of no importance whatsoever to the problem of solving the KSEs. 
Actually, it is easy to see that it can always be satisfied by a shift in i] that preserves the 
normalization condition erj = 1/2: 

( i' = i, 

ri' = ri + 5t, ^ I h' = h + 6*rh + 6rh* + \6\^i , (5.74) 
m' = m + SI . 

If = dzZ^ = then the condition is automatically satisfied. If = dzZ^ ^ then 
Qij*B^B*^* 7^ and we just have to perform the above shift with 

G ■*A''B*^* 

in order to trivialize the condition ()5.73|) . 

5.4 Solving the Killing spinor equations 

We are now going to see that field configurations given by a metric of the form (Eqs. ()5.61|1 
and jEnSl)) 

ds^ = 2du{dv + Hdu + Cj) - 2e~'^dzdz* , (5.76) 
where u satisfies (Eq. ()5.66|) ) 

{du;)zz' = 2ie-'^Qu, (5.77) 

scalars of the form (Eq. ()5.2fij) ) 

dZ' = An + B'm, (5.78) 
and vector field strengths of the form (Eq. ()5.20|) ) 

= l(f)H Am* , (5.79) 

are always supersymmetric, even though we derived these equations as necessary conditions 
for supersymmetry. 

With the above form of the scalars and vector field strengths the KSE 5^^*^ = takes 
the form 
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iA' /e^ + iB' fnt^ - \t^-^T\(t)^ fn* Jttj = , (5.80) 
and can be solved by imposing two conditions on the spinors: 

/e^ = , fhe^ = 0, (5.81) 

which formally coincide with the Fierz identities Eqs. ()5.27p . although now, since there is 
no d priori relation between I, m and e^, they are not identities but constraints on . This 
fact should be enough to show that they are compatible, but we are going to go further 
and show that they are equivalent. Multiplying the first condition by jh and the second 
by jh* we obtain the more conventional-looking conditions 



)h /e^ = (1 - 7™)e^ = , 

jh* fhe^ = -(1 + 7^^*)e-^ = 0. 
If satisfies the second condition, using 75 = — 



(5.82) 



7""*e^ = -e^ 7™7^^*e^ = 7™e^ , ^ -^^e^ = 7™e^ , (5.83) 

which, due to the chirality of e^, leads to the first condition. 

Let us now consider the KSE 6^ipja = 0. Taking into account Eqs. ()5.8H) . our tetrad 
choice and Eq. ()5.66|) . we find that the Killing spinors ej must be independent of v, z, z* 
and must satisfy 

ei + \tij(t)i'*e' = , (5.84) 

where = 7a0^ = (piu). Observe that this equation can always be integrated, even though 
the explicit form of the e/ may be hard to find. 

If 0(u) is a real function, however, the general solution is readily found to be 

e/ = e**e,o + ^e/j7'*e-^Vo,, (5.85) 

where 

7'*e,o = 7"e/o = 0, (e/o)* = e'o ^ = -i<P/V2. (5.86) 

Thus, all the configurations identified are supersymmetric and preserve, at least 1/2 
of the available supersymmetries. One can see, moreover, that the only configurations 
that preserve more than 1/2 are in fact maximally supersymmetric: Minkowski space and 
the maximally supersymmetric wave of minimal N = 2 D = 4 supergravity found by 
Kowalski-Glikman [S3], embedded such that only the graviphoton is non-trivial. 
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5.5 Equations of motion 

Let us start with the Maxwell equations and Bianchi identities, given in Eq. ()5.50j) . There 
is only one non-trivial component which is not automatically satisfied for supersymmetric 
configurations, namely Eq. and we can rewrite it as 

e'^/22)^(e-'c/2^i)^. + t/j^d^Z^^jUi - c.c. = , (5.87) 

where one should keep in mind that the combination e~'^^'^il)^ is a weight —1 vector field. 
Taking the symplectic product with Uk and using Eqs. ()(I3|(I4|1 and ()(y.6j) . one finds 

D,* (e-'^/^^* ) - ie-'^/^tlj^d,Z%k"* = . (5.88) 
A somewhat lighter equation can be derived by defining 

= ^JCgir p^^ ^ Q^_^p* ^ d,Z^ Pfc. , (5.89) 

where Pi* is of Kahler weight (0,2). This equation determines ■?/'*, but it is extremely 
difficult to find a general solution, although we will give some solutions in Appendix ^ 
The only non-automatically satisfied component of the Einstein equations is the uu one 

Suu = Run + 2Gij,A'A*^* - i^mNK^(t>^(t)^ = . (5.90) 
Using Eq. ()5.45|) . and the value of Ruu this equation takes the form 

(5.91) 

+2{U + UU)+2gij,{A'A*^* +S^'^*^*)+A\(P\'^ = 0. 

A supersymmetric solution in this class is, then, fully determined by the real func- 
tion H{z, z* , u) and the complex functions ujz{z, z*,u), (j){u),ijj\z, z*,u), Z^{z, u) satisfying 
Eqs. (15.7715. 8 7p and ()5.91|) . There are two simple and interesting families of solutions 

1. = Z^{z). {A^ = 0). This implies that Q„ = and we can safely take u) = 0. The 
Einstein equation takes the form 

e'^dAjH = Sg,j*^'r'' + 2|0P , (5.92) 

and can be integrated once the solutions to the Maxwell and Bianchi equations, ip^, 
are given (0(m) is an arbitrary complex function). 

If we set to zero the vector field strengths (p = = 0, the Einstein equation reduces 
to the statement that if is a real harmonic function on C. 

The solutions in this subclass are combinations of pp-waves associated to the har- 
monic function H and cosmic strings of the kind considered in Ref. |j4Qj, i.e. deter- 
mined by n holomorphic functions Z^ = Z^[z). Now the metric is determined by 
supersymmetry to be 
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ds^ = 2du{dv + Hdu) -2e-'^'^'-^'^*^dzdz* 
= Z\z), 
d^d^.H = 0. 



(5.93) 



In order to study the behaviour of these solutions under the symmetries of the theory, 
it is convenient to express them in an arbitrary system of holomorphic coordinates 



ds^ = 


2du{d 


Z' = 


Z\z) 


h = 


h{z), 




0. 



(5.94) 



The KiUing spinors of these solutions are 



7 e/o 



0. 



(5.95) 



The isometries of the Kahler metric (which are the duality symmetries of our theory) 
leave invariant the Kahler potential up to Kahler transformations Eq. ()B.7|1 . Of 
course, these duality transformations leave invariant the spacetime metric, but the 
relation between the Qzz* component and the Kahler potential will change unless the 
holomorphic function h transforms according to 



h' = h + f, 



(5.96) 



which makes the Killing spinors transform precisely as objects of Kahler weight 1/2, 
as they should. Actually, for the metric to be form- invariant, it is enough that 
3fJe(/i') = 3?e(/i') + 3?e(/) while the spinors will behave as objects of Kahler weight 
1/2 if 53m(/i') = 55m(/i') + Q'm(/). These two conditions are independent. Only the 
first was required in the construction of Ref. [10], but supersymmetry requires the 
second. 

The holomorphic functions Z'^{z) will in general be multi- valued and will have non- 
trivial monodromies. Only those which are isometries of the Kahler metric can be 
allowed. The metric will be invariant and the Killing spinors will also have the correct 
monodromy if h transforms as above. 
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We thank Jelle Hartong for useful conversations on this point. 
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2. = Z^ {u) = 0. This implies that /C and, therefore, U are functions of u only, whence 
the latter can be eliminated from the metric by a change of coordinates. Since the 
pullback of Kahler 1-form depends on u only, we can solve Eq. ()5.66|1 for u): 

u; = ie-'^Q^{zdz* -z*dz), (5.97) 

which can, however, be eliminated by further change of coordinates. The remaining 
Einstein equation takes the form 

2dA*H = 2gij4A'A*^* + Sifj'^*^') + 4|(/)|^ . (5.98) 

Eq. ()5.88j) can in this case be solved, leading to the statement that ip'' only depends on 
u and z*. Introducing then the functions T*, defined through the relation dz*T^ = i/j"^, 
the above equation can be integrated with great ease, giving 

H = iGij^Z^Z*^' + 2|0n|2|2 + SGij^VT*^' + f{z,u) + r{z\u) . (5.99) 
The supersymmetric solutions of this class take, therefore, the form 

ds^ = 2du{dv + Hdu) — 2dzdz* , 

< = [^C*^^{u) + ff'i;'{u,z*)]duAdz* , (5.100) 

. = Z\u), 

where Z^, are arbitrary functions of u and H is given above. 
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A Conventions 

In this paper we use basically the notation of Ref. [H] and the conventions of Ref. PE] . 
to which we have adapted the formulae of Ref. [Hj. The main differences between the 
conventions of those two references are the signs of spin connection, the completely an- 
tisymmetric tensor e"*'^'^ and 75. Thus, chiralities are reversed and self-dual tensors are 
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replaced by anti-self-dual tensors and vice- versa. The curvatures are identical. Finally, the 
normalization of the 2-form components differs by a factor of 2: for us 

F = dA= iF^.dx^' A dx"" F^, = 2di^A,] , (A.l) 

which amounts to a difference of a factor of 2 in the vectors supersymmetry transformations 
Eq. ()2.8|) . Further, all fermions and supersymmetry parameters from Ref. [H] have been 
rescaled by a factor of |, which introduces additional factors of ^ in all the bosonic fields 
supersymmetry transformations Eqs. ()2.7II2.9|) . 

The meaning of the different indices used in this paper is explained in Table H We use 
the shorthand n = n + 1. 



Type 


Associated structure 


/i, I/, . . . 


Curved space 


a, 6, . . . 


Tangent space 


m,n, . . . 


Cartesian M^-indices 


h ji ■ ■ -I ^ 5 J ) • • • 


Complex scalar fields and their conjugates. There are n of them. 


A,E,... 


sp(n) indices (n = n + 1) 


/,J,... 


N = 2 spinor indices 



Table 1: Meaning of the indices used in this paper. 



B Kahler geometry 

A Kahler manifold is a complex manifold on which there exist complex coordinates 
and 2;*** = (z*)* and a function /C, called the Kahler potential, such that the line element 
is 

ds'^ = 2gu, dz'dz*'\ (B.l) 

with 

gu*=dA'IC. (B.2) 
The Kahler (connection) 1-form Q is defined by 

Q = {2i)-\dz'dilC - dz*'*di,lC) , (B.3) 
and the Kahler 2-form J is its exterior derivative 

J = dQ = %gi^dz' Ndz*'* . (B.4) 
The Levi-Civita connection on a Kahler manifold is given by 
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The Riemann curvature tensor has as only non- vanishing components Rij*ki*, but we will 
not need their explicit expression. The Ricci tensor is given by 

Rii*=dA4llogdetg) . (B.6) 

The Kahler potential is not unique: it is defined only up to Kdhler transformations of 
the form 

}C'iz,z*) = ICiz,z*) + f + f\ (B.7) 

where / is any holomorphic function of the complex coordinates z*. Under these transfor- 
mations, the Kahler metric and Kahler 2-form are invariant, while the components of the 
Kahler connection 1-form transform according to 

Q:^=Q^-|^a. (B.8) 

By definition, objects with Kahler weight (g, q) transform under the above Kahler 
transformations with a factor e~^'^^^^^*'^^'^ and the Kahler-covariant derivative D acting on 
them is given by 

'Si = Vi + iqQi, =V^* -iqQi* , (B.9) 

where V is the standard covariant derivative associated to the Levi-Civita connection on 
M. 

When {q,q) = (1,-1), this defines a complex line bundle Ai over the Kahler 

manifold Ai whose first, and only, Chern class equals the Kahler 2-form J'. A complex 
line bundle with this property is known as a Kdhler-Hodge (KH) manifold and provides 
the formal starting point for the definition of a special Kahler manifold^^ that is explained 
in the next Appendix. 

We will often use the spacetime puUback of the Kahler-covariant derivative on tensor 
fields with Kahler weight (g, —q) (weight g, for short) for which it takes the simple form 

S:)M = V^ + ^gQ^, (B.IO) 

where is the standard spacetime covariant derivative plus possibly the puUback of the 
Levi-Civita connection on A^; is the pullback of the Kahler 1-form, i.e. 

= {2i)-\d^z'diK: - d^z*'*d,.iq . (b.ii) 

^^Some basic references for this material are and the review [57] ■ The definition of special 

Kahler manifold was made in Ref. formalizing the original results of Ref. j4H| . 
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C Special Kahler geometry 



Let us now consider a flat 2n-dimensional vector bundle E ^ Ai with structure group 
5'j9(n;M), and take a section V of the product bundle E ® ^ M. and its complex 
conjugate V, which formally is a section of the bundle E ® L^^ M.. Then, a special 
Kdhler manifold, is a bundle E ® L} ^ M., for which there exists a section V such that 

(9,. + ia,./C)V = 0, (C.l) 
0. 

u*,, = m* , (C.2) 



(C.3) 

H\v) = 0. 

Taking the covariant derivative of the last identity (Wj | V) = we find immediately that 
{'DiUj \ V) = —{Uj \ Ui). It can be shown that the r.h.s. of this equation is antisymmetric 
while the l.h.s. is symmetric, so that 

{^iU, I V) = {U, \ Ui) = Q. (C.4) 

The importance of this last equation is that if we group together £^ = (V,Wj), we can 
see that {S^, \ S*a) is a non-degenerate matrix. This then allows us to construct an identity 
operator for the symplectic indices, such that for a given section of A3 T [E, Ai) we have 

A = i{A\ V*)V - i{A I V) V* + i{A \ U,)g"' U*i* - i{A \ Wi,)G''*Ui . (C.5) 

As we have seen DiUj is symmetric in i and j, but what more can be said about it: as 
one can easily see, the inner product with V* and U*i* vanishes due to the basic properties. 
Let us then define the Kahler-weight 2 object 

C,,k = (2). Kj I Kk) ^ ^^ Kj = tC,,kQ^'''Wi, , (C.6) 

where the last equation is a consequence of Eq. ()(I5jl . Since the Ws are orthogonal, 
however, one can see that C is completely symmetric in its 3 indices. Furthermore one can 
show that 



V 



-Me 



If we then define 



' (V I V*) 
. (D.V I V) 



then it follows from the basic definitions that 



{Ui\V*) = 
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Cjki = , S!)[j Cj]ki = . (C7) 
Observe that these equations imply the existence of a function S, such that 

The function S is given by 

S ~ C^'^mAfAj^C^ , (C.9) 
where J\f is the period or monodromy matrix. This matrix is defined by the relations 

MA=AfA^C'', hAi=U*Aj,f,. (C.IO) 

The relation (Ui | V) = then implies that M is symmetric, which then also trivializes 
{U^ I U,) = 0. 

From the other basic properties in ()(13j) we find 



C^'^mNA^C^ = -|, (C.ll) 

£^53mArAs/^. = C''QmAfAj:r^i^=0, (C.12) 

/^3mA^AEr^i* = -iGu'. (C.13) 
Further identities that can be derived are 



(^.A^As)/:^ = -2«55m(Ar)As Z'^., (C.14) 

a,AA*AEA- = -2C,,fc6;^^*^>niArAErV, (C.15) 

= f\f''AKE, (C.16) 

-C^^.^ATas = 0, (C.17) 

9i.Ar*A2/'^i = 2z6;ii.S5mArAE/:''. (C.18) 

An important identity one can derive, and that will be used various times in the main 
text, is given by 

U^^ = f\g''*r^i* = -i$5m(Ar)-i|^^ - C*^C'' , (C.19) 
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whence (U^^)* = U^^. 

We can define the graviphoton and matter vector projectors 



Ta = 2z£a = 2z/:^3mA/'sA, (C.20) 

T\ = -/V = -6^^^*r'','53mArsA. (C.21) 

Using these definitions and the above properties one can show the following identities 
for the derivatives of the period matrix: 

SiA^AE = 47;(Ars), 

(C.22) 

C.l Prepotential: Existence and more formulae 

Let us start by introducing the explicitly holomorphic section = e^'^/^V, which allows 
us to rewrite the system Eqs. (jCllll as 

di.n = 0, (C.23) 



s 



{din \n) = . 

Observe that the first of Eqs. ()(I23|1 together with the definition of the period matrix 
Af imply the following expression for the Kahler potential: 

e-'c = ~2'^mArAj:X^X*^ . (C.24) 

If we now assume that JFa depends on through the X^s, then from the last equation 
we can derive that 

diX^ [2^A - Oa (A'^J's)] = . (C.25) 
If diX^ is invertible as an n x n matrix, then we must conclude that 

Ta = OaH^) , (C.26) 

where JF is a homogeneous function of degree 2, called the prepotential. 

Making use of the prepotential and the definitions (jCIlOp . we can calculate 
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Having the explicit form of A/", we can also derive an explicit representation for C by 
applying Eq. ()C.17|) . One finds 



Cijk = e^diX^djX'^dkX^J^ kT.il , (C.28) 

so that the prepotential really determines all structures in special geometry. 

A last remark has to be made about the existence of a prepotential: clearly, given a 
holomorphic section VL a prepotential need not exist. It was shown in Ref. jUj, however, 
that one can always apply an Sp{n, M) transformation such that a prepotential exists. 
Clearly the N = 2 SUGRA action is not invariant under the full Sp{n, M), but the equations 
of motion and the supersymmetry equations are. This means that for the purpose of this 
article we can always, even if this is not done, impose the existence of a prepotential. 

D Some explicit cases 
D.l Quadratic prepotential 

This is a simple, but important, case in which there is a prepotential and it takes the form 

^ = I^aeA'^A'^ , (D.l) 

where is a complex, symmetric, constant matrix that coincides with the matrix of 
second derivatives of JF. Its imaginary part must be negative definite. The period matrix 
IS given by Eq. ^T27\ . Observe that 

= ^AsA"^ . (D.2) 

The Kahler potential is 

e"'^ = -2'^mXATX*^X^ . (D.3) 

To construct the general solution of the timelike case, we need to relate the real section 
7^ and I defined in Eqs. (iniO|) . This can be done by using the property Eq. ()D.2|) . rescaling 
it by e'^/yX: 

>[a/X = ^as£^/X, (D.4) 

and then, taking the imaginary part of this equation and using the invertibility of 3mjFAs, 
we find the solution 

^e{C^/X) = 53m(^)-i|^^[53m(A^s/A:) - 5Re(^snS>m(/:^/X)] , (D.5) 
which implies 

= 53m(^)-i|^^[»m(A4s/X) - ^*sn)53m(/:^/X)] . (D.6) 
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In other words, this imphes that we can take the components of the section / X to be 
arbitrary complex harmonic functions Ti^. 

Now, |Mp which appears in the metric Eq. ()4.5j) is given, according to Eq. ()4.35j) . 
by the Kahler potential Eq. ()D.3|1 where the scalars are substituted by the complex 
harmonic functions 7i^, i.e. 

|M|2 = 2|X|2 = -[53mJ^AsH*^7i:^]-i . (D.7) 

The other term that appears in the metric tu, is given in terms of the real section 1 by 
Eq. ()4.3H) . Substituting the imaginary parts of the harmonic functions in that formula, 
we get 



= -^e„„pS5m^As[apH^H*^ - d^W'^n''] = -e^^aye'^ Q^\V I X, (V/X)*] , (D.8) 

where Qp[V/X, (V/X)*] stands for the pull-back of the Kahler 1-form substituting the 
X^s by the harmonic functions 7i^. For the n = 2 case, which can be embedded in pure 
X = 4, d = 4 supergravity, these expressions were first found in Ref. [HI]. We stress that 
these functions are completely arbitrary and that there is no further constraint on them. 
Different choices lead to solutions describing different physical systems. In Ref. the 
most general choice that leads to a stationary, axisymmetric, asymptotically flat spacetime 
in the n = 2 case was studied. These spacetimes correspond, in general, to charged, 
rotating "black holes" (sometimes with singular horizon), with NUT charge. 

As one can see from Eq. ()(I28j) . the fact that we are dealing with a quadratic pre- 
potential implies that Cij^ = 0. This then means that Eq. ()5.88j) is generically solved 
by 

= g/c gir p^,(u,z*) , (D.9) 

so that in the case of a quadratic prepotential there are only two differential equations that 
need to be solved: eqs. ()5.77|) and ()5.9H1 . 

D.2 STU-\ike models 

By an STU-like model, we mean a theory with a prepotential of the type 

X-^ 

= -dijk — — = l,...,n) , (D.IO) 

where dabc is a totally symmetric tensor. The proper STfZ-model is defined by = 3 and 
di23 = 1 as the only non-vanishing coefficients of d. The coefficients dijk are related to the 
Cijk by 

Cjk = e'^ dijk ; e"'^ = 8 d,jk ^m{Z')^m{Z^)'^m{Z'') . (D.ll) 

In Shmakova found a generic, conditional solution to the stabilization equation for 
STUASke models. Writing = {p^,qA), the stabilization equations read = lm{X^) 
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and 

go = \XY'^ dijklm(^(xyX'X^X''^ , (D.12) 

q. = dijk Im (X^X^X''^ . (D.13) 

Clearly the stabilization equations for are solved by the Ansatz 

= pO{i - Yo) , X' = Y' - p% + ip\ (D.14) 

and plugging this Ansatz into the stabilization equation ()D.13|) . we can see that it can be 
solved by redefining Y^ = + Yq Y^ iff a solution to 

dijkY'Y" = i /g^ + di,k P'p" , (D.15) 

can be found. Assuming that such a solution exists, we can then analyze Eq. ()D.12|) by 
direct substitution, as to find 

4A' 



1 + Y' = ^ , (D.16) 

where we have defined A = dij^p^p^p^ and A = dij^Y^Y^Y'^ . Armed with this knowledge 
one can then, using Eqs. ()4.33j) . calculate 



4 J4A2 - [pV^a + 2A]^ 



(D.17) 



|X|2 pO 

It should be clear that Eq. ()D.15j) acts as the keystone for this construction. 

There are 2 cases for which a solution to Eq. ()D.15|) is near trivial to find. The first 
one is the S'TtZ-model, so that n = 3 and di2z = 1 is the only non- vanishing coefficient of 
d where one can see that the general solution reads 



= ; T, ^ - . (D.18) 



Of course, the other case is when Eq. ()D.15j) reduces to a purely quadratic equation, which 
happens when d^k = Sij6jk, where for simplicity we have chosen possible constants to be 
unity. The solution then reads 

= ^/Yi. (D.19) 

With this knowledge and a choice for the harmonic functions, needed to calculate u through 
Eq. ()4.3H) . the solution is fully specified in the timelike case. 

The null case is in general a far harder nut to crack, and as one might have suspected, 
we have been unable to find a generic solution to Eq. ()5.88|1 for the STU-\ike models. A 
particular, but non-trivial, solution we were able to find is for the case n = 1, dm = 1 and 
reads 

= (a Qm{t)-^ + ib Qm{t)) d,.f , (D.20) 
where we have used the notation t = Z^. 
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